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Abstract

The microphase separation behavior in the strong segregation limit of model networks based on cross-linked ABA triblock copolymers in

the bulk was investigated by calculating analytically the Gibbs free energies of the various possible morphologies: The spherical, the

cylindrical, the lamellar, the reverse cylindrical, the reverse spherical and the disordered. In addition to the elastic and interfacial

components, a free energy expression describing the interaction between the network junctions was also introduced. Free energy

minimization allowed the construction of a phase diagram with axes the junction functionality and the composition. The phase diagram

shows that an increase in the junction functionality leads to an expansion of the region of spheres at the expense of cylinders, and to an

eventual elimination of reverse spheres in favor of reverse cylinders. The domain sizes for each morphology were also calculated

analytically.

q 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Amphiphilic networks [1] represent a relatively new

class of polymeric materials, comprising cross-linked

polymers with both hydrophilic and hydrophobic segments,

which, similar to their linear counterparts, microphase

separate in water [2–4]. The presence of water, as the

solvent, and the sometimes charged nature of these polymer

networks complicate their thermodynamic description [5,6].

With the aim of understanding the microphase separation

behavior of cross-linked polymers, the simplest possible

cross-linked polymer system, that comprising nonionic,

cross-linked polymers in the absence of any solvent, is

investigated here analytically. This polymer system was

assumed to be a model network, comprising end-linked

ABA triblock copolymers of well-defined length and
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composition, as well as a precisely defined number of

arms at the junction. The present approach is based on

analytical expressions for the free energies of microphase-

separated linear block copolymers in the bulk in the strong

segregation limit [7], complemented by free energy terms

describing the interaction among different neighboring

junctions [8]. The main result of this study is a

morphological phase diagram with independent variables

the number of arms and the polymer composition.
2. Theory

We consider a model polymer network [9] with the

following attributes: Precise chain lengths between cross-

links, elastic chains based on ABA triblock copolymers (the

junctions are at the ends of the A-blocks), the ends of each

elastic chain connected only to adjacent cross-links (no

elastic chain with both ends connected to the same cross-

link), constant functionality of the cross-link, and no

entanglements. The model network system can exist either

in a disordered (D) state or in an ordered state. Five ordered

morphologies were considered: The spherical (S), the

cylindrical (C), the lamellar (L), the reverse cylindrical
Polymer 46 (2005) 7456–7462
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(rC) and the reverse spherical (rS). The unit cells for the

different morphologies are depicted within Fig. 2 below.

Each unit cell contains one cross-link at its center and it

comprises one half of each arm (number of armsZf )

emanating from the cross-link. In each unit cell the

conformations of three polymer chains are indicated, each

toward one of the three Cartesian co-ordinates. However, in

the subsequent calculations the number of arms per cross-

link will be varied systematically.

The total free energy for the ordered microphases is

given as the sum of four terms: The elastic free energies of

the two microphases DGA
elastic and DGB

elastic, the interfacial

free energy DGinterfacial, and the junction–junction inter-

action free energy DGinteraction:

DGordered
total ZDGA

elastic CDGB
elastic CDGinterfacial

CDGinteraction (1)

Microphase A is always the one comprising the black

chains with the polymer junctions, and this phase is

indicated in gray in the schematic representations of

Fig. 2. Microphase B is the one in white, comprising the

mid-blocks of the chains.

The total free energy for the disordered case is given by

the enthalpic component of the free energy of mixing:

DGdisordered
total ZDHmixing Z fkBTcNfAð1KfAÞ (2)

where kB is Boltzmann’s constant, T is the absolute

temperature, c is Flory–Huggins interaction parameter

between segments A and B, N is the total number of

statistical segments per arm in the unit cell (equal to one half

of the total number of statistical segments of the elastic

chain), and fA is the volume fraction of the monomer units

of type A.

Assuming Gaussian chains, the elastic free energies

DGA
elastic and DGB

elastic are given by:

DGA
elastic ZaAfkBT

R

aN1=2

� �2

(3)

and

DGB
elastic ZaBfkBT

R

aN1=2

� �2

(4)

where R is a measure of the domain size, a is the statistical

segment length, and aA and aB are coefficients that depend

on the composition fA and the morphology. The aA and aB

coefficients were approximated with those for linear block

copolymers [7], whose expressions are given in Table 1.

The interfacial free energy DGinterfacial was calculated

from [7]:

DGinterfacial Z bfkBT
aN

R

c

6

� �1=2

(5)

where b is another coefficient, whose expressions are also

given in Table 1.
The junction–junction interaction free energy DGinterfacial

was estimated from a modified expression originally

developed by Semenov [8] to describe micelle–micelle

interaction and subsequently used by Hadziioannou and co-

workers [10] to describe star–star interaction:

DGinteraction Z kBT
ð f K2Þ2

16p

a

d
(6)

where d is the distance between the interacting junctions,

and is related to R via volume balance. The expressions for d

for the different morphologies are given in Table 2, and their

derivation is provided in the Appendix. The table contains

no expression for d for normal spheres because it was

considered that no junction–junction interaction takes place

in this morphology. This is justified by the fact that the

junctions are located within the A spheres which are

‘insulated’ from each other by the matrix phase B. For

reverse cylinders, there are two expressions for d because

there are two types of interactions (occurring at two

different distances). One type involves three neighbors on

the same level, and the other type involves two neighbors,

one above and the other below the junction under

consideration. Table 2 also shows the corresponding

expressions for the free energies of interaction for the

different morphologies.

The total free energies of the five morphologies were

minimized analytically with respect to the only independent

variable, R. With the exception of lamellae, the total free

energies of all other morphologies contained R in powers of

C2 and K1 only, readily leading to expressions for R at the

free energy minimum in the form of cube roots. In the case

of lamellae, the free energy components contained R in

powers of C2, K1 and C0.5. In this case, the polynomial

equation obtained after setting the free energy derivative

equal to zero was transformed to a quadratic, which was

easily solved.
3. Results and discussion

Table 3 lists the results for R and DGordered
total at the free

energy minimum of each morphology. Fig. 1 plots the

minimum free energies for the five morphologies plus the

disordered state as a function offA for three different values

of f, 2 (linear multi-block copolymer), 20 and 200. The value

of 200 can be realized in some network systems [11–13],

whose cross-links are created by the repeated addition of

divinyl cross-linkers [14,15]. The values for parameters c

and N, necessary for the calculations, were chosen to be 0.2

and 500, respectively. As the value of f increases, the value

of the minimum free energy for the L, C, rC and rS

morphologies increases due to an increase in the junction–

junction interaction free energy component per chain. The

prevailing morphology for given values of fA and f is that

with the lowest minimum free energy. The dominant



Table 1

Expressions for the coefficients for the elastic free energies and the interfacial energy for the various morphologies

Morphology aA aB b

Lamellar (p2/8)(fA) (p2/8)(1KfA) 1

Cylindrical (p2/16) p2

16

1Kf1=2
Að Þ

3
3Cf1=2

Að Þ
1KfAð Þ2

2f1=2
A

Reverse cylindri-

cal
p2

16

1K 1KfAð Þ1=2
� �3

3C 1KfAð Þ1=2
� �

f2
A

(p2/16) 2(1KfA)1/2

Spherical 3p2

80
1

f1=3
A

3p2

80

1Kf1=3
Að Þ3

6C3f1=3
A Cf2=3

Að Þ
1KfAð Þ2

3f2=3
A

Reverse spherical
3p2

80

1K 1KfAð Þ1=3
� �3

6C3 1KfAð Þ1=3
C 1KfAð Þ2=3

� �
f2

A

(3p2/80)(1/(1KfA))1/3 3(1KfA)2/3
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contributions to the minimum free energy were from the

elastic and interfacial components, with the junction–

junction interaction component contributing one order of

magnitude less.

The prevailing morphologies are mapped in Fig. 2 in the

form of a phase diagram with axes fA and f. Schematic

representations of these morphologies are provided in the

same figure, in which the inter-junction distances d are also

defined. The values chosen for parameters c and N were the

same as those used in Fig. 1. Going from left to right, the

following microphases are encountered: D–S–C–L–rC–rS–

D, as is the case with the phase diagram of linear diblocks

[7]. However, compared to linear block copolymers, there is

a significant influence of the number of arms on the phase

behavior. At low values of fA, as the number of arms

increases, the normal spherical phase increases at the

expense of the normal cylindrical phase. This is due to the

energetically unfavorable junction–junction interactions,

which increase with the number of arms in the case of the

cylindrical morphology. In contrast, due to the isolation of

the spherical domains containing the junctions, no junction–

junction interaction was included in the calculations in the

case of the spherical morphology, as explained above.

At high fA values, as the junction functionality increases,

the boundary between reverse spheres and reverse cylinders

is slightly shifted initially in favor of the former and later in

favor of the latter. At an f value of approximately 150, the

reverse spherical morphology disappears completely, while

the reverse cylindrical morphology grows correspondingly,

indicating that the junction–junction interactions are weaker

in the case of the reverse cylindrical morphology compared

to the reverse spherical.

Our results are qualitatively similar to those of Matsen
Table 2

Expressions for the junction–junction distances and for the corresponding interac

Morphology d DGinteraction/f

Lamellar (fNa3/2R)1/2 ffiffi
2

p

4p

fK2ð Þ2

f 3=2
R1=

a1=2N

Cylindrical (fNa3/pR2) 1
8

fK2ð Þ2

f 2
R2

a2N
Z

Reverse cylindrical (2/p)(fNa3/R2), (2p/33/2)1/2R 1
16

fK2ð Þ
f 2

2
R2

a2N
C

Spherical – –

Reverse spherical (4p/3)1/3R 34=3

211=3p4=3

fK2ð Þ2

f

and Schick [16] on a related branched segmented copolymer

system: Starblock copolymers. These workers investigated

theoretically the effect of the number of arms of star

copolymers on their morphology in the bulk, and they found

that as the number of arms increased from 2 to 9, the region

of normal spheres expanded while that of reverse spheres

contracted. This similarity in the phase behavior is not

surprising because the model polymer networks of the

present investigation can be considered as covalently

interconnected starblock copolymers.

Theoretical work on the modeling of the morphology of

polymer networks is scarce. Existing work [17] involves

Monte Carlo simulations on AB diblock copolymers in the

bulk, which are randomly cross-linked, resulting in net-

works, which are not model (not well-defined). The

effective functionality at the branching point is low (equal

to 3) and the observed morphologies are similar to those of

the noncross-linked system: Lamellae for balanced compo-

sitions and cylinders or spheres for asymmetrical compo-

sitions. However, these morphologies are distorted due to

the cross-linking imperfections. Similarly irregular micro-

phases were also observed from Monte Carlo simulations of

randomly cross-linked bicomponent homopolymer blends

[18].

Finally, we make a comparison between the predictions

of our model and some experimental results. The available

experimental results are not on model networks but on

segmented networks (not ideal structure). Moreover,

these experimental studies did not involve a systematic

investigation of the number of arms of the junctions,

which was in most cases 3. Thus, what these

experiments indicate is that cross-linked systems behave
tion free energies for the various morphologies

kBT

2

1=2 Zg R1=2

a1=2

g R2

a2

37=4

29=2p3=2

fK2ð Þ2

f
a
R
Zg1

R2

a2 Cg2aR
K1

a
R
ZgaRK1



Table 3

Expressions for the minimum free energies and the corresponding domain sizes for the various morphologies

Morphology DGmin
total=fkBT Rmin/a

Lamellar ((aACaB)/N)(Rmin/a)2Cg(Rmin/a)1/2Cb 0N(Rmin/a)K1
K0:5gC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:25g2C8b0 ðaACaBÞ

p

4NK1ðaACaBÞ

� �2=3

Cylindrical (3/22/3)N1/3b 02/3(aACaBCNg)1/3 (b 0N2/2(aACaBCNg))1/3

Reverse cylindrical (3/22/3)N-1/3(g2CNb 0)2/3(aACaBCNg1)1/3 ((g2Cb 0N)N/2(aACaBCNg1))1/3

Spherical (3/22/3)N1/3b 02/3(aACaB)1/3 (b 0N2/2(aACaB))1/3

Reverse speherical (3/22/3)NK1/3(gCNb 0)2/3(aACaB)1/3 [(gCb 0N)N/2(aACaB)]1/3

b 0Zb(c/6)1/2
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rather similarly to noncross-linked block copolymers, a

finding of our theoretical predictions as well.

The experimental results are as follows. In three

instances [19–21], bicomponent networks with polyisobu-

tylene (PIB) macro-cross-linker compositions from 49 to

64% w/w, i.e. balanced compositions, yielded lamellar

morphologies, consistent with Fig. 2 for fZ3. In particular,

a poly(ethyl acrylate)-PIB (PEA-PIB) network with 49% w/

w PIB was characterized by small-angle neutron scattering

(SANS) and was determined to form a lamellar morphology

[19]. Two poly(2-hydroxyethyl methacrylate)-PIB

(PHEMA-PIB) networks with 64% [20] and 57% [21] w/

w PIB were determined to form also lamellar morphologies,

using, in these cases, small-angle X-ray scattering (SAXS)

for characterization. Another experimental system which

marginally failed to conform with the predictions of Fig. 2

concerns a network based on a polybutadiene-b-poly-

diethylsiloxane-b-polybutadiene (PB-b-PDES-b-PB) tri-

block copolymer with 67% w/w PB, cross-linked

randomly at the PB end-blocks [22]. This network formed

reverse (PDES) cylinders, whereas Fig. 2 would predict

lamellae for this composition and for any number of arms; a

PB volume fraction above 70% would be required by Fig. 2

for the reverse cylindrical morphology to form. Lastly, a

PHEMA-PIB network with 24% w/w PIB macro-cross-

linker exhibited a spherical morphology [21], whereas Fig. 2
Fig. 1. Dependence of the total free energy minimum of the various

morphologies on polymer composition fA and for three different values of

the junction functionality.
predicts normal cylinders for this composition and for fZ3.

The discrepancy can be attributed either to an under-

estimation of the junction–junction interaction by our model

or to a higher than three effective number of arms in the

experimental system.

It is noteworthy that characterization by atomic force

microscopy (AFM) of some of the above networks in the

bulk almost always revealed sponge-like (spheroidal)

morphologies for compositions 23–69% w/w of the

macro-cross-linker phase [4,20]. This could be due to the

relatively low MWs of the macro-cross-linker chains in

these networks (1000–5000 g molK1), which would lead to

small domain sizes, near the resolution limit of AFM.
4. Conclusions

The microphase separation behavior in the strong

segregation limit of model networks based on end-linked

ABA triblock copolymers was investigated using analytical

equations for the free energy. The total free energy

comprised three types of components: Elastic, interfacial

and junction–junction interaction, the last describing the

extra deformation arising from the proximity of two

branched (star) structures. The total free energy was

minimized analytically to obtain the composition- and

functionality- (number of arms-) dependence of the domain

size and morphology. It was determined that at large

functionalities the regions of spherical and reverse spherical

morphology expand and contract, respectively, relative to

those of the corresponding cylindrical morphologies.

Systematic and carefully-conducted characterization (pre-

ferably by SAXS and SANS) studies on well-defined

polymer networks are necessary to thoroughly test the

predictions of the model.
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Fig. 2. Phase diagram for ABA triblock copolymer-based model networks as a function of polymer composition fA and the number of arms at the junction.
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Appendix

We provide below the calculations of the distances d

between the junctions for the various morphologies in which

there are junction–junction interactions. Distances d are

indicated in the schematic representations of the mor-

phologies illustrated in Fig. 2.
Lamellar morphology

Volume balance (polymer incompressibility) in the

lamellar microphase A dictates:

ð2RAÞd
2 Z fNfAa

3 (A1)

where 2RA is the thickness of domain A, illustrated

schematically in Fig. 2. RA is related to R via:

RA ZRfA (A2)

Using Eq. (A2) to eliminate RA in Eq. (A1) and solving for d

leads to the expression for d for lamellae provided in

Table 2.
Cylindrical morphology

Similarly, volume balance in the cylindrical core
(microphase A) dictates:

ðpR2
AÞd Z fNfAa

3 (A3)

where RA here is the radius of the cylinder, illustrated

schematically in Fig. 2. RA is related to R by:

RA ZRf1=2
A (A4)

Using Eq. (A4) to eliminate RA in Eq. (A3) and solving for d

leads to the expression for d for cylinders provided in

Table 2.
Reverse cylindrical morphology

There are two characteristic distances, d1 and d2, for this

morphology. The calculations here would not involve only

the cylindrical core (microphase B), as was the case for

normal cylinders, but the whole unit cell, which is a triangle

parallelepiped, illustrated in Fig. 2. The size of domain B

(radius of B cylinders) RB and the distances d1 and d2 are all

illustrated in Fig. 2. RB is related to R via the volume

fraction of B, fB:

RB ZRf1=2
B (A5)

If x is the side of the triangle, the cross-sectional area A of
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the triangle would be:

AZ

ffiffiffi
3

p

4
x2 (A6)

The cross-sectional area of microphase B on that triangle is

that of three one-sixth cylinders:

Acylinder Z
3

6
pR2

B Z
p

2
R2

B (A7)

Acylinder and A are interrelated through fB as follows:

fB Z
Acylinder

A
Z

2pffiffiffi
3

p
R2

B

x2
(A8)

The last expression can be easily solved for x:

xZ
2p

fB

ffiffiffi
3

p

� �1=2

RB (A9)

which can be combined with Eq. (A5) to give:

xZ
2pffiffiffi

3
p

� �1=2

R (A10)

Substituting x from Eq. (A10) into Eq. (A6) yields:

AZ
p

2
R2 (A11)

Volume balance in the unit cell yields:

Ad1 Z fNa3 (A12)

where d1 is the distance between consecutive junctions

along the axis vertical to the plane of the triangle. Solving

for d1 in Eq. (A12) and using Eq. (A11) leads to:

d1 Z
2

p

fNa3

R2
(A13)

already listed in Table 2.

The distance d2 between adjacent junctions lying on the

same plane (vertical to the axis of the cylinder) is given by

simple geometry:

d2 Z
2

3
h (A14)

where h is the height of the triangle, related, via

trigonometry, to x by:

hZ

ffiffiffi
3

p

2
x (A15)

Combining Eq. (A14) with Eq. (A15), d2 becomes:

d2 Z

ffiffiffi
3

p

3
x (A16)

which, using the expression for x in Eq. (A10), becomes:

d2 Z
2p

33=2

� �1=2

R (A17)

also listed in Table 2.
Reverse spherical morphology

The characteristic distance d for the reverse spherical

morphology is that between the centers of two adjacent

cubes (unit cells), at which the junctions are located. This

distance as well as the size of domain B (radius of B

spheres) RB are illustrated in Fig. 2. Thus, the side of the

cube is equal to d. RB is related to R via the volume fraction

of B, fB:

RB ZRf1=3
B (A18)

The volume of microphase B in the unit cell is that of eight

spherical octants of a B sphere:

Vsphere Z
8

8

4p

3
R3

B Z
4p

3
R3

B (A19)

Using Eq. (A18) to eliminate RB from Eq. (A19) yields:

Vsphere Z
4p

3
fBR

3 (A20)

On the other hand, fB is the ratio of the volume of

microphase B, Vsphere, divided by the total volume of the

unit cell, d3:

fB Z
Vsphere

d3
Z

4p

3
fB

R3

d3
(A21)

Solving for d yields:

d Z
4p

3

� �1=3

R (A22)

already listed in Table 2.
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